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E-mail address: sladek@savba.sk (J. Sladek).The meshless local Petrov-Galerkin (MLPG) method is used to analyze transient dynamic
problems in 3D axisymmetric piezoelectric solids with continuously inhomogeneous
material properties. Both mechanical and thermal loads are considered here. A 3D axi-
symmetric body is created by rotation of a cross section around an axis of symmetry.
Axial symmetry of geometry and boundary conditions reduces the original 3D boundary
value problem into a 2D problem. The cross section is covered by small circular
sub-domains surrounding nodes randomly spread over the analyzed domain. A unit step
function is chosen as test function, in order to derive local integral equations on the
boundaries of the chosen sub-domains, called local boundary integral equations (LBIE).
These integral formulations are either based on the Laplace transform technique or the
time-difference approach. The local integral equations are non-singular and take a very
simple form, despite of inhomogeneous and anisotropic material behaviour across the
analyzed structure. Spatial variation of all physical ﬁelds (or of their Laplace transforms)
at discrete time instants are approximated on the local boundary and in the interior of the
sub-domain by means of the moving least-squares (MLS) method. The Stehfest algorithm
is applied for the numerical Laplace inversion, in order to retrieve the time-dependent
solutions.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The coupling between electric and mechanical behaviour in piezoelectric materials has recently found wide range
engineering applications in smart structures and devices. These materials are extensively utilized as transducers, sensors
and actuators in many engineering ﬁelds. The continuous change in the microstructure of functionally graded materials
(FGMs) distinguish them from the laminated composite materials, which have a mismatch of mechanical properties
across an interface due to two discrete material bonded together. As a result, the constituents of the laminated compos-
ites are prone to debonding. In FGMs this problem is avoided or reduced by gradually varying the volume fraction of the
constituents. A review on various aspects of FGMs can be found in the monograph of Suresh and Mortensen (1998) and
the review chapter by Paulino et al. (2003). The demand for piezoelectric materials with high strength, high toughness,
low thermal expansion coefﬁcient and low dielectric constant encourages the study of functionally graded piezoelectric
materials (FGPMs) (Zhu et al., 1995, 1999; Ueda, 2003; Han et al., 2006). These materials are frequently used in struc-
tures under a thermal load.. All rights reserved.
ax: +421 2 54773548.
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numerical methods due to the high mathematical complexity. Besides this complication, the electric and mechanical ﬁelds
are coupled each other in piezoelectricity. Therefore, sophisticated and advanced computational methods like the ﬁnite ele-
ment method (FEM) (Gruebner et al., 2003; Govorukha and Kamlah, 2004; Enderlein et al., 2005, Kuna, 1998, 2006) and the
boundary element method (BEM) (Pan, 1999; Ding and Liang, 1999; Rajapakse and Xu, 2001; Davi and Milazzo, 2001; Gross
et al., 2005, 2007; Garcia-Sanchez et al., 2005, 2007; Saez et al., 2006; Sheng and Sze, 2006) have been applied to general
boundary value problems in piezoelectric solids. In spite of the great success of the FEM and BEM as effective numerical tools
for the solution of boundary value problems in piezoelectric solids, there is still a growing interest in the development of new
advanced numerical methods. In recent years, meshless formulations are becoming popular due to their high adaptability
and low costs to prepare input and output data in numerical analysis. A variety of meshless methods has been proposed
so far and some of them also applied to piezoelectric problems (Ohs and Aluru, 2001; Liu et al., 2002; Sladek et al.,
2006a, 2007a). They can be derived either from a weak-form formulation on the global domain or on a set of local sub-
domains.
Due to the high mathematical complexity of the initial-boundary value problems, 3D analyses are occurring very seldom.
For homogeneous piezoelectric materials the axisymmetric free and forced vibrations of piezoceramic hollow spheres have
been studied in (Loza and Shulga, 1984, 1990). Analytical solution for stationary and transient dynamic load of a non-homo-
geneous spherically isotropic piezoelectric hollow sphere is given by Chen et al. (2002) and Ding et al. (2003), respectively.
The laminate model with radial dependence of physical ﬁelds is transformed to 1D problem.
For composite materials the thermal effects play important role due to different material properties of composite com-
ponents leading to high thermal stresses. If a temperature load is considered on a piezoelectric solid it is needed take into
account a coupling of thermo-electro-mechanical ﬁelds. The theory of thermo-piezoelectricity was ﬁrst time proposed by
Mindlin (1961). The physical laws for thermo-piezoelectric materials have been explored by Nowacki (1978). Dunn
(1993) studied micromechanics models for effective thermal expansion and pyroelectric coefﬁcients of piezoelectric com-
posites. Ashida et al. (1994) introduced a technique for three-dimensional axisymmetric problems of piezothermoelasticity.
Shang et al. (1996) proposed a method for three-dimensional axisymmetric problems of transversally isotropic thermo-pie-
zoelectric materials by means of potential functions and Fourier–Hankel transformations. Ootao and Tanigawa (2007) have
recently presented analytical solution for one-dimensional transient piezothermoelasticity involving a functionally graded
thermo-piezoelectric hollow sphere with a radial variation. Fracture and damage behaviours of a cracked piezoelectric solid
under coupled thermal, mechanical and electrical loads have been studied by Yu and Qin (1996a,b) and Qin and Mai (1997).
Nice review on fracture of thermo-piezoelectric materials is given in book (Qin, 2001). Boundary value problems for coupled
ﬁelds are complex. Analytical methods can be applied only to simple problems of thermo-piezoelectricity (Tsamasphyros
and Song, 2005; Shang et al., 2003a,b). However, the analysis and the design process of engineering smart structures with
integrated piezoelectric actuators or sensors require powerful calculation tools. Up to now the ﬁnite element methods
(FEM) provides an effective technique (Tzou and Ye, 1994; Gornandt and Gabbert, 2002; Shang et al., 2002; Kuna, 2006).
Rao and Sunar (1993) investigated the piezothermoelectric problem of intelligent structures with distributed piezoelectric
sensors and actuators and concluded that the inclusion of the thermal effects may help improve the performance character-
istics of the system. As far as the authors are aware, very limited works can be found in the literature for the active control of
functionally graded material (FGM) structures using piezoelectric materials. Liew et al. (2001) presented the ﬁnite element
formulation based on the ﬁrst-order shear deformation theory for static and dynamic piezothermoelastic analysis and active
control of FGM plates subjected to a thermal load. The ﬁrst attempt to solve induced non-homogeneity problem in thermo-
piezoelectricity for an inﬁnite and semi-space was given by Aouadi (2006).
In this paper, the meshless local Petrov-Galerkin (MLPG) method (Atluri et al., 2003, 2006; Sladek et al., 2004) is ap-
plied to transient dynamic problems in 3D axisymmetric piezoelectric solids with continuously non-homogeneous mate-
rial properties. Both mechanical and thermal loads are considered here. A 3D axisymmetric body is created by the
rotation of the cross section around the axis of symmetry. Axial symmetry of the geometry and boundary conditions re-
duces the original 3D boundary value problem to a 2D problem. Therefore, it is sufﬁcient to analyze only the cross sec-
tion, which is covered by small circular sub-domains surrounding nodes randomly spread over the analyzed domain. A
unit step function is chosen as the test function to derive local integral equations on boundaries of the chosen sub-do-
mains. There are two ways of eliminating the time variable in the differential equation. The ﬁrst of them consists of elim-
ination of the time derivative by using Laplace transformations. In the second approach, the ﬁnite-difference
interpolation for the time variation of temperature and displacement ﬁelds is used, in order to convert the linear para-
bolic and hyperbolic differential equations into linear elliptic differential equations. For 3D axisymmetric problem the
local boundary integral equations (LBIE) have a boundary-domain integral form. The local integral equations are non-sin-
gular and take a very simple form. Spatial variation of the Laplace transforms or the time-discrete temperature, displace-
ment and the electric potential on the sub-domain are approximated by means of the moving least-squares (MLS)
method (Belytschko et al., 1996; Atluri, 2004). After performing the spatial integrations, a system of linear algebraic
equations for the unknown nodal values is obtained. The essential boundary conditions on the global boundary are sat-
isﬁed by the collocation of the MLS approximation expressions for prescribed quantities at the boundary nodal points.
Several quasi-static boundary value problems are solved for various values of the Laplace transform parameter. The Steh-
fest (1970) numerical inversion method is applied to obtain the time-dependent solutions. The accuracy and the efﬁ-
ciency of the proposed MLPG method are veriﬁed by several numerical examples.
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The governing equations for 3D thermo-piezoelectricity in continuously non-homogeneous solids are given by the equa-
tion of motion for displacements, the ﬁrst Maxwell equation for the vector of electric displacements and heat conduction
equation (Mindlin, 1974)rij;jðx; sÞ þ Xiðx; sÞ ¼ qðxÞ€uiðx; sÞ; ð1Þ
Dj;jðx; sÞ  Rðx; sÞ ¼ 0; ð2Þ
kijðxÞh;jðx; sÞ
 
;i  qðxÞcðxÞ _hðx; sÞ þ Sðx; sÞ ¼ 0; ð3Þwhere rij, ui, Xi, Di, R, h, S, and s are the stress tensor components, displacements, density of body force vector, electric dis-
placements, volume density of free charges, temperature difference, density of heat sources, and time variable, respectively.
Also, q, kij and c are the mass density, thermal conductivity tensor and speciﬁc heat, respectively. The dots over a quantity
indicate the time derivatives. A static problem can be considered formally as a special case of the dynamic one, by omitting
the acceleration üi(x, s) in the equations of motion (1) and the time derivative term in Eq. (3). Therefore, both cases are ana-
lyzed in this paper simultaneously.
The uncoupled thermoelasticity is considered here. It means that a heat generation by the mechanical ﬁeld is neglected.
Recently, we have considered the heat generation by mechanical ﬁeld in the coupled thermoelasticity (Sladek et al., 2006b).
For most materials the inverse thermoelastic and pyroelectric effects are very weak, i.e., the heat generation by mechanical
and electrical ﬁelds can be neglected. Then, the constitutive relations representing the partially-coupling of the mechanical,
electrical and thermal ﬁelds are given byrijðx; sÞ ¼ cijklðxÞeklðx; sÞ  ekijðxÞEkðx; sÞ  cijðxÞhðx; sÞ; ð4Þ
Djðx; sÞ ¼ ejklðxÞeklðx; sÞ þ hjkðxÞEkðx; sÞ þ pjðxÞhðx; sÞ; ð5Þwhere cijkl(x), ejkl(x), hjk(x) and pj(x) are the elastic, piezoelectric, dielectric and pyroelectric material tensors in a continu-
ously non-homogeneous piezoelectric medium, respectively. The stress-temperature modulus cij(x) can be expressed
through the stiffness coefﬁcients and the coefﬁcients of linear thermal expansion aklcij ¼ cijklakl: ð6Þ
The strain tensor eij and the electric ﬁeld vector Ej are related to the displacements ui and the electric potential w, respec-
tively, byeij ¼ 12 ui;j þ uj;i
 
; ð7Þ
Ej ¼ w;j: ð8ÞThe following essential and natural boundary conditions are assumed for the mechanical ﬁelduiðx; sÞ ¼ ~uiðx; sÞ; on Cu;
tiðx; sÞ ¼ rijnj ¼ ~tiðx; sÞ; on Ct;for the electrical ﬁeldwðx; sÞ ¼ ~wðxÞ; on Cp;
niDiðx; sÞ ¼ ~QðxÞ; on Cq;and for thermal ﬁeldhðx; sÞ ¼ ~hðx; sÞ on Ca;
qðx; sÞ ¼ kijðxÞh;jðx; sÞniðxÞ ¼ ~qðx; sÞ on Cb;where Cu is the part of the global boundary with prescribed displacements, and on Ct, Cp, Cq, Ca, and Cb the traction vector,
the electric potential, the surface charge density, temperature and the heat ﬂux are prescribed, respectively.
Initial conditions for the mechanical and thermal quantities have to be prescribeduiðx; sÞjs¼0 ¼ uiðx;0Þ and _uiðx; sÞjs¼0 ¼ _uiðx;0Þ
hðx; sÞjs¼0 ¼ hðx; 0Þ in X:For an axisymmetric problem in transversally isotropic thermo-piezoelectric materials, it is convenient to use cylindrical
coordinates x  (r, u, z) (Fig. 1). The angular component of the displacements vanishes and all physical ﬁelds as well as mate-
rial coefﬁcients are independent on the angular coordinate u. The axis of symmetry is identical with z-coordinate. In such a
case the equilibrium equations have the following form
1=r
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L
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σrr=p
σrz=0
Fig. 1. A 3D axisymmetric body.
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  qðxÞ€urðr; z; sÞ ¼ Xrðr; z; sÞ;
rrz;rðr; z; sÞ þ rzz;zðr; z; sÞ þ 1r rrzðr; z; sÞ  qðxÞ€uzðr; z; sÞ ¼ Xzðr; z; sÞ; ð9Þ
Dr;rðr; z; sÞ þ Dz;zðr; z; sÞ þ 1r Drðr; z; sÞ ¼ 0; ð10Þ
kabðxÞh;bðr; z; sÞ
 
;a þ
krzðxÞ
r
h;zðr; z; sÞ þ krrðxÞr h;rðr; z; sÞ þ Sðr; z; sÞ ¼ qðxÞcðxÞ
oh
ot
ðr; z; sÞ; ð11Þwhere (Qin, 2001)rrr ¼ c11ur;r þ c13uz;z þ c12 urr  e31Ez  crrh;
rzz ¼ c13ur;r þ c13 urr þ c33uz;z  e33Ez  czzh;
ruu ¼ c12ur;r þ c11 urr þ c13uz;z  e31Ez  crrh;
rrz ¼ c44 uz;r þ ur;zð Þ  e15Er ;
Dr ¼ e15 uz;r þ ur;zð Þ þ h11Er þ prh;
Dz ¼ e31ur;r þ e33uz;z þ e31 urr þ h33Ez þ pzh;
ð12Þand the summation convention for repeated indices a, b, in Eq. (11) representing the coordinates r, z, is assumed. Recall that
there is assumed no volume density of free electric charge. Two different approaches will be applied to solve governing Eqs.
(9)–(11).
2.1. Laplace transform formulation
Applying the Laplace transformL f ðx; sÞ½  ¼ f ðx; pÞ ¼
Z 1
0
f ðx; sÞepsds;to Eqs. (9) and (11) we getrrr;rðr; z; pÞ þ rrz;zðr; z; pÞ þ 1r rrrðr; z; pÞ  ruuðr; z; pÞ
  qðxÞp2urðr; z; pÞ ¼ Frðr; z; pÞ;
rrz;rðr; z; pÞ þ rzz;zðr; z; pÞ þ 1r rrzðr; z; pÞ  qðxÞp
2uzðr; z; pÞ ¼ Fzðr; z; pÞ; ð13Þ
kabðxÞh;bðr; z; pÞ
 
;a þ
krzðxÞ
r
h;zðr; z; pÞ þ krrðxÞr
h;rðr; z; pÞ  qðxÞcðxÞphðr; z; pÞ þ Wðr; z; pÞ ¼ 0 ð14Þ
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Wðx; pÞ ¼ Sðx; pÞ þ hðx;0Þare the re-deﬁned body forces and heat source, respectively, in the Laplace-transformed domain with the initial-boundary
conditions for the displacements ui(x,0), velocities _uiðx;0Þ and temperature h(x,0). Recall that Eq. (10) remains unchanged
by the Laplace transformation, i.e.,Dr;rðr; z; pÞ þ Dz;zðr; z; pÞ þ 1r Drðr; z; pÞ ¼ 0:Instead of writing the global weak form for the above governing equation, the MLPG methods construct the weak form over
local sub-domains such as Xs, which is a small region taken for each node inside the global domain (Atluri, 2004). The local
sub-domains overlap each other, and cover the whole global domain X(Fig. 2). The local sub-domains could be of any geo-
metric shape and size. In the current paper, the local sub-domains are taken to be of circular shape. The local weak forms of
the governing Eqs. (13), (10) and (14) can be written asZ
Xs
rrr;r þ rrz;zð ÞudXþ
Z
Xs
1
r
rrr  ruu
 
udX
Z
Xs
qðxÞp2urðr; z; pÞudX ¼ 
Z
Xs
Frðr; z; pÞudX;
Z
Xs
rzr;r þ rzz;zð ÞvdXþ
Z
Xs
1
r
rrzðr; z; pÞvdX
Z
Xs
qðxÞp2uzðr; z; pÞuvdX ¼ 
Z
Xs
Fzðr; z; pÞvdX;
Z
Xs
Dr;r þ Dz;z
 
mdXþ
Z
Xs
1
r
Drðr; z; pÞmdX ¼ 0; ð15Þ
Z
Xc
kabðxÞh;bðr; z; pÞ
 
;a þ
krzðxÞ
r
h;zðr; z; pÞ þ krrðxÞr
h;rðr; z; pÞ

 qðxÞcðxÞphðr; z; pÞ þWðr; z; pÞ

hðxÞdX ¼ 0; ð16Þwhere u*(x), v*(x), m*(x) and h*(x) are test functions.
In the MLPG method the test and trial function are not necessarily from the same functional spaces. Applying the Gauss
divergence theorem to the ﬁrst domain integrals of Eqs. (15) and (16) and selecting Heaviside unit step functions as test
functions u*(x), v* (x) and m*(x) in each sub-domain, one can recast equations into the following formZ
oXs
rrbðr; z; pÞnbdCþ
Z
Xs
1
r
rrr  ruu
 
dX
Z
Xs
qðxÞp2urðr; z; pÞdX ¼ 
Z
Xs
Frðr; z; pÞdX;
Z
oXs
rzbðr; z; pÞnbdCþ
Z
Xs
1
r
rrzðr; z; pÞdX
Z
Xs
qðxÞp2uzðr; z; pÞdX ¼ 
Z
Xs
Fzðr; z; pÞdX;
Z
oXs
Dbðr; z; pÞnbdCþ
Z
Xs
1
r
Drðr; z; pÞdX ¼ 0; ð17Þ
Z
oXs
qðr; z; pÞdC
Z
Xs
qðxÞcðxÞphðr; z; pÞdXþ
Z
Xs
krzðxÞ
r
h;zðr; z; pÞ þ krrðxÞr
h;rðr; z; pÞ
 
dX
¼ 
Z
Xs
Wðr; z; pÞdX; ð18Þsubdomain =Ω Ωs si '
∂Ωs
∂  Ω ∪Γs s si i i=L
∂Ωs =i ∂ LisΩ s=
Ωs ''
Lis
Γsθ  
i
or Γsq
i
r
i
node xi
support of node xi
local boundary '
x
Ωx
Fig. 2. Local boundaries for weak formulations and the support area for MLS approximation of the trial functions.
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In contrast to the test functions, the trial functions are chosen as the moving least-squares (MLS) approximations for ﬁeld un-
knowns over a number of nodes randomly spread within the domain of inﬂuence, as described in more details in Section 3.
2.2. Time-difference formulation
The local weak form can be directly applied to governing Eqs. (9)–(11). If the same test function and the same procedure
are applied as in the previous paragraph, one can obtain the set of integro-differential equationsZ
oXs
rrbðr; z; sÞnbdCþ
Z
Xs
1
r
rrr  ruu
 
dX
Z
Xs
qðxÞ€urðr; z; sÞdX ¼ 
Z
Xs
Xrðr; z; sÞdX;Z
oXs
rzbðr; z; sÞnbdCþ
Z
Xs
1
r
rrzðr; z; sÞdX
Z
Xs
qðxÞ€uzðr; z; sÞdX ¼ 
Z
Xs
Xzðr; z; sÞdX;Z
oXs
Dbðr; z; sÞnbdCþ
Z
Xs
1
r
Drðr; z; sÞdX ¼ 0; ð19ÞZ
oXs
qðr; z; sÞdC
Z
Xs
qðxÞcðxÞ _hðr; z; sÞdXþ
Z
Xs
krzðxÞ
r
h;zðr; z; sÞ þ krrðxÞr h;rðr; z; sÞ
 
dX ¼ 
Z
Xs
Sðr; z; sÞdX: ð20ÞThe Houbolt ﬁnite-difference scheme (Houbolt, 1950) is applied to approximate the acceleration€uðr; z; skþ1Þ ¼ 2u
ðkþ1Þðr; zÞ  5uðkÞðr; zÞ þ 4uðk1Þðr; zÞ  uðk2Þðr; zÞ
Ds2
; ð21Þand a linear interpolation for time variation of the temperature ﬁeld (Curran et al., 1980)_hðr; z; skþ1Þ ¼ 1Ds h
ðkþ1Þðr; zÞ  hðkÞðr; zÞ
h i
; ð22Þwhere Ds is the time step. Here, h(k)(r, z) denotes the value of the temperature at a point (r, z) and the time instant sk = kDs.
The value of the time step has to be appropriately selected with respect to material parameters (propagation velocities) and
time dependence of the boundary conditions.
Substituting approximation formulae (21) and (22) into the local integro-differential Eqs. (19) and (20) at the time instant
sk+1 = (k + 1)Ds, one obtains the local integral equations for (k = 0, 1, 2, . . . ,N)Z
oXs
rðkþ1Þrb ðr; zÞnbdCþ
Z
Xs
1
r
rðkþ1Þrr ðr; zÞ  rðkþ1Þuu ðr; zÞ
h i
dX 1
Ds2
Z
Xs
qðxÞ2uðkþ1Þr ðr; zÞdX
¼ 1
Ds2
Z
Xs
qðxÞ 5uðkÞr ðr; zÞ þ 4uðk1Þr ðr; zÞ  uðk2Þr ðr; zÞ
 
dX
Z
Xs
Xðkþ1Þr ðr; zÞdX;Z
oXs
rðkþ1Þzb ðr; zÞnbdCþ
Z
Xs
1
r
rðkþ1Þrz ðr; zÞdX
1
Ds2
Z
Xs
qðxÞ2uðkþ1Þz ðr; zÞdX
¼ 1
Ds2
Z
Xs
qðxÞ 5uðkÞz ðr; zÞ þ 4uðk1Þz ðr; zÞ  uðk2Þz ðr; zÞ
 
dX
Z
Xs
Xðkþ1Þz ðr; zÞdX;Z
oXs
Dðkþ1Þb ðr; zÞnbdCþ
Z
Xs
1
r
Dðkþ1Þr ðr; zÞdX ¼ 0; ð23ÞZ
oXs
qðkþ1Þðr; zÞdC 1
Ds
Z
Xs
qðxÞcðxÞhðkþ1Þðr; zÞdXþ
Z
Xs
krzðxÞ
r
hðkþ1Þ;z ðr; zÞ þ
krrðxÞ
r
hðkþ1Þ;r ðr; zÞ
 
dX
¼  1
Ds
Z
Xs
qðxÞcðxÞhðkÞðr; zÞdX
Z
Xs
Sðkþ1Þðr; zÞdX; ð24Þwhere qðkþ1ÞðxÞ ¼ kabðxÞhðkþ1Þ;b ðr; zÞnaðxÞ.
For the ﬁrst time step, i.e., k = 0, the values uð2Þb ðxÞ, uð1Þb ðxÞ, uð0Þb ðxÞ and h(0)(x) are given by initial conditions for displace-
ments and the temperature, respectively. Applying a spatial approximation for the ﬁeld unknowns, the local integral
Eqs. (23) and (24) are transformed into the system of algebraic equation for unknown quantities at nodes, as described in
Section 3. The system of algebraic equations is solved by step by step technique with respect to the time stepping.
Recently authors have analyzed 2D problems of piezothermoelasticity with a dependence of material parameters on a
temperature distribution (Sladek et al., 2007b). Replacing material parameters by a temperature-dependent function in
constitutive Eqs. (4) and (5), nonlinear expressions are received. If the time step is sufﬁciently small the material parameters
can be considered as values corresponding to previous k-th time steprðkþ1Þij ðxÞ ¼ cijklðhðkÞÞeðkþ1Þkl ðxÞ  ekijðhðkÞÞEðkþ1Þk ðxÞ  cijðhðkÞÞhðkþ1ÞðxÞ; ð25Þ
Dðkþ1Þj ðxÞ ¼ ejklðhðkÞÞeðkþ1Þkl ðxÞ þ hjkðhðkÞÞEðkþ1Þk ðxÞ þ pjðhðkÞÞhðkþ1ÞðxÞ: ð26ÞIn the Laplace transform technique an iterative approach has to be applied. Therefore, the time-difference technique is more
convenient for problems with temperature-dependent material parameters (induced non-homogeneity).
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In general, a meshless method uses a local interpolation to represent the trial function with the values (or the ﬁctitious
values) of the unknown variable at some randomly located nodes. The moving least-squares (MLS) approximation (Lancaster
and Salkauskas, 1986; Nayroles et al., 1992; Belytschko et al., 1996) used in the present analysis may be considered as one of
such schemes. Let us consider a sub-domain Xx of the problem domain X, in the neighbourhood of a point x, for deﬁnition of
the MLS approximation of the trial function around x (Fig. 2). To approximate the distribution of the Laplace transform of
physical ﬁelds fðx; pÞ (displacements, electrical potential, temperature) in Xx over a number of randomly located nodes
{xa}, a = 1, 2, . . . ,n, the MLS approximate fhðx; pÞ is deﬁned byfhðx; pÞ ¼ pTðxÞaðx; pÞ; 8x 2 Xx ð27Þ
where pT(x) = [p1(x), p2(x), . . . ,pm(x)] is a complete monomial basis of order m; and a(x, p) is a vector containing the coefﬁ-
cients aj(x, p), j = 1, 2, . . . ,mwhich are functions of the space coordinates x = [x1, x2, x3]T and the Laplace transform parameter
p. For example, for a 2D problempTðxÞ ¼ 1; x1; x2½ ; for linear basis m ¼ 3 ð28aÞ
pTðxÞ ¼ 1; x1; x2; ðx1Þ2; x1x2; ðx2Þ2
h i
; for quadratic basis m ¼ 6 ð28bÞSimilarly to Eq. (27) one can write approximation of f(k)(x) in the time-difference formulation. The coefﬁcient vector a(x, p) is
determined by minimizing a weighted discrete L2-norm deﬁned asJðxÞ ¼
Xn
a¼1
waðxÞ pTðxaÞaðx; pÞ  f^aðpÞ
h i2
; ð29Þwhere wa(x) is the weight function associated with the node a with wa(x) > 0. Recall that n is the number of nodes in Xx for
which the weight function wa(x) > 0 and f^aðpÞ are the ﬁctitious nodal values, but not the nodal values of the unknown trial
function fhðx; pÞ in general. The stationarity of J in Eq. (29) with respect to a(x, p)oJ=oa ¼ 0
leads to the following linear relation between a(x, p) and f^ðpÞAðxÞaðx; pÞ  BðxÞf^ðpÞ ¼ 0; ð30Þ
whereAðxÞ ¼
Xn
a¼1
waðxÞpðxaÞpTðxaÞ;
BðxÞ ¼ w1ðxÞpðx1Þ;w2ðxÞpðx2Þ; . . . ;wnðxÞpðxnÞ :
ð31ÞThe MLS approximation is well deﬁned only when the matrix A in Eq. (30) is non-singular. A necessary condition to satisfy
this requirement is that at leastmweight functions are non-zero (i.e., nPm) for each sample point x 2 X and that the nodes
in Xx are not arranged in a special pattern such as on a straight line.
The solution of Eq. (30) for a(x, p) and a subsequent substitution into Eq. (27) lead to the following relationsuhðx; pÞ ¼ UTðxÞ  u^ðpÞ ¼
Xn
a¼1
/aðxÞu^aðpÞ;
whðx; pÞ ¼
Xn
a¼1
/aðxÞw^aðpÞ;
hhðx; pÞ ¼
Xn
a¼1
/aðxÞh^aðpÞ;
ð32ÞwhereUTðxÞ ¼ pTðxÞA1ðxÞBðxÞ: ð33Þ
In Eq. (32), /a(x) is usually referred to as the shape function of the MLS approximation corresponding to the nodal point xa.
From Eqs. (31) and (33), it can be seen that /a(x) = 0 when wa(x) = 0. In practical applications, wa(x) is often chosen such that
it is non-zero over the support of the nodal point xi. The support of the nodal point xa is usually taken to be a circle of the
radius ra centred at xa (see Fig. 2). The radius ra is an important parameter of the MLS approximation because it determines
the range of the interaction (coupling) between the degrees of freedom deﬁned at considered nodes.
A fourth-order spline-type weight function is applied in the present workwaðxÞ ¼ 1 6
da
ra
 	2
þ 8 dara
 	3
 3 dara
 	4
0 6 da 6 ra
0 da P ra
8<
: ; ð34Þ
4530 J. Sladek et al. / International Journal of Solids and Structures 45 (2008) 4523–4542where da = kx  xak and ra is the radius of the circular support domain. With Eq. (34), the C1-continuity of the weight function
is ensured over the entire domain for approximation of primary ﬁelds (displacements, electrical potential, temperature),
therefore the continuity condition of the secondary ﬁelds (traction, electrical displacement, heat ﬂux) is satisﬁed. The size
of the support ra should be large enough to cover a sufﬁcient number of nodes in the domain of deﬁnition to ensure the reg-
ularity of the matrix A. The value of n is determined by number of nodes lying in the support domain with radius ra.
The partial derivatives of the MLS shape functions are obtained as (Atluri, 2004)/a;k ¼
Xm
j¼1
pj;kðA1BÞja þ pjðA1B;k þ A1;k BÞja
h i
; ð35Þ
 	wherein A1;k ¼ A1
;k
represents the derivative of the inverse of A with respect to xk, which is given byA1;k ¼ A1A;kA1:
The directional derivatives of fðx; pÞare approximated in terms of the same nodal values asofh
oxk
ðx; pÞ ¼
Xn
a¼1
f^aðpÞ/a;kðxÞ: ð36ÞSubstituting the approximations given by Eq. (32) into the local integral Eq. (18), we obtain a system of linear algebraic equa-
tions for the ﬁctitious unknown parameters h^aðpÞXn
a¼1
h^aðpÞ
Z
oXs
kbcðxÞnbðxÞ/a;cðxÞdC
Xn
a¼1
h^aðpÞ
Z
Xs
qðxÞcðxÞp/aðxÞdXþ
Xn
a¼1
h^aðpÞ
Z
Xs
krzðxÞ
r
/a;zðxÞ þ
krrðxÞ
r
/a;rðxÞ
 
dX
¼ 
Z
Xs
Wðx; pÞdX; ð37Þand subsequently the system of algebraic equations for the ﬁctitious unknown parameters u^ar ; u^
a
z ; w^
a
n o
is obtained from the
system of integral equations given by Eq. (17) asXn
a¼1
u^ar ðpÞ
Z
oXs
c11ðxÞnrðxÞ/a;rðxÞ þ
c12ðxÞ
r
nrðxÞ/aðxÞ þ c44ðxÞnzðxÞ/a;zðxÞ
 

dC
þ
Z
Xs
1
r
c11ðxÞ  c12ðxÞð Þ /a;rðxÞ 
1
r
/aðxÞ
 
 qðxÞp2/aðxÞ
 
dX

þ
Xn
a¼1
u^azðpÞ
Z
oXs
c13ðxÞnrðxÞ/a;zðxÞ þ c44ðxÞnzðxÞ/a;rðxÞ
 	
dC
þ
Xn
a¼1
w^aðpÞ
Z
oXs
e31ðxÞnrðxÞ/a;zðxÞ þ e15ðxÞnzðxÞ/a;rðxÞ
 	
dC
¼
Xn
a¼1
h^aðpÞ
Z
oXs
crrðxÞnrðxÞ/aðxÞdC
Z
Xs
Frðr; z; pÞdX; ð38Þ
Xn
a¼1
u^az ðpÞ
Z
oXs
c33ðxÞnzðxÞ/a;zðxÞ þ c44ðxÞnrðxÞ/a;rðxÞ
h i

dCþ
Z
Xs
c44ðxÞ
r
/a;rðxÞ  qðxÞp2/aðxÞ
 
dX

þ
Xn
a¼1
u^ar ðpÞ
Z
oXs
c44ðxÞnrðxÞ/a;zðxÞ þ c13ðxÞnzðxÞ /a;rðxÞ þ
1
r
/aðxÞ
  
dCþ
Z
Xs
c44ðxÞ
r
/a;zðxÞdX

 
þ
Xn
a¼1
w^aðpÞ
Z
oXs
e15ðxÞnrðxÞ/a;rðxÞ þ e33ðxÞnzðxÞ/a;zðxÞ
 	
dCþ
Z
Xs
1
r
e15ðxÞ/a;rðxÞdX

 
¼
Xn
a¼1
h^aðpÞ
Z
oXs
czzðxÞnzðxÞ/aðxÞdC
Z
Xs
Fzðr; z; pÞdX; ð39Þ
Xn
a¼1
u^ar ðpÞ
Z
oXs
e15ðxÞnrðxÞ/a;zðxÞ þ e31ðxÞnzðxÞ /a;rðxÞ þ
1
r
/aðxÞ
  

dCþ
Z
Xs
1
r
e15ðxÞ/a;zdX

þ
Xn
a¼1
u^azðpÞ
Z
oXs
e15ðxÞnrðxÞ/a;rðxÞ þ e33ðxÞnzðxÞ/a;zðxÞ
h i

dCþ
Z
Xs
1
r
e15ðxÞ/a;rðxÞdX


Xn
a¼1
w^aðpÞ
Z
oXs
h11ðxÞnrðxÞ/a;rðxÞ þ h33ðxÞnzðxÞ/a;zðxÞ
 	
dCþ
Z
Xs
1
r
h11ðxÞ/a;rðxÞdX

 
¼ 
Xn
a¼1
h^aðpÞ
Z
oXs
prðxÞnrðxÞ þ pzðxÞnzðxÞð Þ/aðxÞdCþ
Z
Xs
1
r
prðxÞ/aðxÞdX

 
: ð40Þ
J. Sladek et al. / International Journal of Solids and Structures 45 (2008) 4523–4542 4531Eqs. (37)–(40) are considered on the sub-domains Xs around each interior node xs and at boundary nodes with prescribed
natural boundary conditions (Ct, Cq and Cb). On the parts of the global boundary Cu with prescribed displacements, Cp with
prescribed potentials and Ca with prescribed temperature the collocation Eq. (32) are applied.
The time-dependent values of the transformed quantities in the previous consideration can be obtained by an inverse
transformation. There are many inversion methods available for the inverse Laplace transformation. As the inverse Laplace
transformation is an ill-posed problem, small truncation errors can be greatly magniﬁed in the inversion process and hence
lead to poor numerical results. In the present analysis, the sophisticated Stehfest’s algorithm (Stehfest, 1970) for the numer-
ical inversion is used. If f ðpÞis the Laplace transform of f(t), an approximate value fa of f(t) for a speciﬁc time t is given byfaðtÞ ¼ ln 2t
XN
i¼1
vif
ln 2
t
i
 
; ð41Þwherevi ¼ ð1ÞN=2þi
Xminði;N=2Þ
k¼ ðiþ1Þ=2½ 
kN=2ð2kÞ!
ðN=2 kÞ!k!ðk 1Þ!ði kÞ!ð2k iÞ! : ð42ÞIn numerical analyses we have used N = 10 for single precision arithmetic. It means that for each time t it is needed to solve N
boundary value problems for the corresponding Laplace parameters p = i ln2/t, with i = 1, 2, . . . ,N. IfM denotes the number of
the time instants in which we are interested to know f(t), the number of the Laplace transform solutions f ðpjÞ is then M  N.
It is noteworthy that most of the alternative methods for the numerical inversion of the Laplace transform (Davies and
Martin, 1979) require the use of complex valued Laplace transform parameter, and as a result, the application of complex
arithmetic may lead to additional storage requirement and an increase in computing time.
4. Numerical examples
4.1. Hollow sphere
A hollow sphere with continuously non-homogeneous spherically symmetric and radially dependent piezoelectric mate-
rial coefﬁcients exhibits transversally isotropic properties. The sphere is radially polarized and either the static or impact
loads are considered as spherically symmetric too. The temperature ﬁeld is assumed to be uniformly distributed. The inner
a = 0.4m and outer radii b = 1m are considered, respectively. The analytical solution is given by Chen et al. (2002) and Ding
et al. (2003) and it is used as a benchmark to test the accuracy of the present method. The boundary conditions with pre-
scribed pressures and vanishing electrical displacements on both surfaces correspond to pressured sphere embedded into
non-conductive media (the open-circuit electric condition). A half of the hollow sphere can be created by the rotation of
the cross section given in Fig. 3 around the z-axis. Note that the radial and axial directions are ﬁxed as shown in Fig. 3 accord-
ing to the deﬁnition in the cylindrical coordinate system. The unit basis vectors of the spherical coordinate system
fer0 ; eu; exg are related to those of the cylindrical coordinate system {er, eu, ez} aser0 ¼ er cosxþ ez sinx; ex ¼ er sinxþ ez cosx:
Thus, the radial directions in two considered coordinate systems are not identical in general.
For the numerical calculations, 176 nodes with a regular distribution in the radial and azimuthal directions in the section
with u = 0 are employed. An exponential variation of the elastic, piezoelectric and dielectric coefﬁcients on the radial dis-
tance r0 ¼ ﬃp ðx21 þ x23Þ is assumed bycijðxÞ ¼ c0ij exp cðr0  aÞ;
eijðxÞ ¼ e0ij exp cðr0  aÞ;
hijðxÞ ¼ h0ij exp cðr0  aÞ;
ð43Þwhere the values on the inner radius r
0
= a are taken under the given temperature asc011 ¼ 13:9 1010 Nm2; c013 ¼ 7:43 1010 Nm2 ; c012 ¼ 7:78 1010 Nm2;
c033 ¼ 11:5 1010 Nm2; c044 ¼ 2:56 1010 Nm2;
e044 ¼ 12:7 Cm2; e031 ¼ 5:2 Cm2; e033 ¼ 15:1 Cm2;
h011 ¼ 6:46 109 CðVmÞ1; h033 ¼ 5:62 109 CðVmÞ1; q ¼ const ¼ 7500 kg=m3:It should be noted that proposed computational method works for all continuously non-homogeneous materials. In deriva-
tion of local integral equations no limitation is made with respect to spatial variation of material properties. The exponential
variation in numerical example is selected only for comparative purposes since for such kind of non-homogeneity numerical
results are available. The mass density in this example is considered to be uniform, however, a general spatial variation can
be considered. No restriction is put on the variation of mass density in proposed local integral equations. A static uniform
pressure load p0 = 1 Nm2 is considered on the inner radius r0 = a, in the ﬁrst step. Variation of the radial displacements
1 11
2
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Fig. 3. Analyzed domain for a hollow sphere.
4532 J. Sladek et al. / International Journal of Solids and Structures 45 (2008) 4523–4542ur = u1(x1, x3 = 0), radial and hoop stresses [rrr = r11(x1, x3 = 0),ruu(x1, x3 = 0)] with the radial coordinate r = x1 are presented in
Figs. 4–6. Owing to the spherical symmetry the presented results correspond to the following spherical components: ur0(r0, u,
x) = ur(x1, u = 0, x3 = 0), rr0r0(r0, u, x) = rrr(x1, u = 0, x3 = 0), ruu(r0, u, x) = ruu(x1, u = 0, x3 = 0).
The results for radial stresses are compared also with the analytical solution (Chen et al., 2002) for constant material coef-
ﬁcients. One can observe that functionally graded material properties have a stronger inﬂuence on radial displacement val-
ues than on the radial stresses. With increasing gradation of elastic parameters the radial displacements are reduced.
However, the inﬂuence of the material gradation on the hoop stresses is different on the inner and outer radii. On the outer
radius the hoop stresses are enhanced with increasing material gradation while on the inner radius they are reduced.
Next, a uniform electrical load on the outer radius Dr = 1 Cm2 and traction-free surfaces are considered. Variation of the
radial displacements, hoop stresses, the electrical potential and the electrical displacement with the radial coordinate are
presented in Figs. 7–10.
The impact pressure load with a uniform distribution on the inner radius is considered too. Vanishing electrical potentials
are considered on both spherical surfaces (the closed-circuit electric condition). The numerical results for radial displace-
ments and hoop stresses are presented in Figs. 11 and 12. Both quantities are normalized by corresponding static ones,
ustatr ðaÞ ¼ 0:465 1011 m and rstatuu ðaÞ ¼ 1:71 Nm2, respectively. The Laplace transform approach was applied in the numer-
ical analysis. The mass density is considered to be uniform even for functionally graded material.0
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Fig. 4. Variation of radial displacements with the radial coordinate.
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Fig. 5. Variation of radial stresses with the radial coordinate.
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Fig. 6. Variation of hoop stresses with the radial coordinate.
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Fig. 7. Variation of radial displacements with the radial coordinate in the hollow sphere under a static electrical displacement on the outer radius.
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Fig. 8. Variation of hoop stresses with the radial coordinate in the hollow sphere under a static electrical displacement on the outer radius.
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Fig. 10. Variation of electrical displacements with the radial coordinate in the hollow sphere under a static electrical displacement on the outer radius.
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Fig. 11. Time variation of radial displacements in the hollow sphere under an impact pressure load on the inner radius.
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Fig. 12. Time variation of hoop stresses in the hollow sphere under an impact pressure load on the inner radius.
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0
= a is compared also with the analytical results given by Ding
et al. (2003) in case of homogeneous medium. One can observe a good agreement of analytical and MLPG results for a homo-
geneous piezoelectric sphere.
For the gradual increase of mechanical material properties with radial coordinate and a uniform mass density, the wave
propagation velocity is increasing with r. Therefore, the peak value of the radial displacements and hoop stresses are reached
in an earlier time instant in FGPM hollow sphere than in a homogeneous one. The maximum quantities are reduced for the
FGPM sphere.
4.2. Hollow cylinder
In the next example, we consider an inﬁnitely long functionally graded thick-walled hollow cylinder with the radii
a = 0.08 m and b = 0.16 m as depicted in Fig. 1. Since the boundary conditions along the cylinder are considered to be uniform
a ﬁnite part of the cylinder in the numerical analysis is selected with length L = 0.08 m. On the external surface of the hollow
cylinder the temperature, T = 1 deg, is prescribed with studying either a stationary problem or a transient problem with the
Heaviside time-step thermal loading at time instant t = 0. The inner surface is kept at zero temperature. We have considered
transversally isotropic and homogeneous piezoelectric material with coefﬁcients:
4536 J. Sladek et al. / International Journal of Solids and Structures 45 (2008) 4523–4542c11 ¼ 13:9 1010 Nm2; c13 ¼ 7:43 1010 Nm2 ; c12 ¼ 7:78 1010 Nm2; c33 ¼ 11:5 1010 Nm2;
c44 ¼ 2:56 1010 Nm2; e15 ¼ 12:7 Cm2; e31 ¼ 5:2 Cm2; e33 ¼ 15:1 Cm2;
h11 ¼ 6:46 109 CðVmÞ1; h33 ¼ 5:62 109 CðVmÞ1; q ¼ 7500 kg=m3:
k11 ¼ k22 ¼ 50 W=Km; k33 ¼ 75 W=Km; a11 ¼ a22 ¼ 0:88 105 K1; a33 ¼ 0:5 105 K1;
p1 ¼ 0; p3 ¼ 5:4831 106 C=Km2; c ¼ 300 W s kg1 K1:The node distribution consists of 421 (21  21) nodes uniformly distributed in the rectangular domain (r, z) 2 [a, b]  [0, L] in
the section u = 0 with 21 nodes in the radial as well as axial direction.
The analytical solution is available for an isotropic and homogeneous elastic hollow cylinder under a thermal shock on the
external surface (Carslaw and Jaeger, 1959; Timoshenko and Goodier, 1951). The temperature, the radial displacement and
the hoop stresses for this problem are given ashðr; sÞ ¼ T ln r=að Þ
ln b=að Þ  p
X1
n¼1
T
J20ðaanÞU0ðranÞ
J20ðaanÞ  J20ðbanÞ
expðja2nsÞ; ð44Þ
urðr; sÞ ¼ ð1þ mÞað1 mÞ
1
r
Z r
a
hðx; sÞxdxþ C1r þ C2r ; ð45Þ
ruu ¼ aE1 m
1
r2
Z r
a
hðx; sÞxdx aE
1 m hðr; sÞ þ
E
1 m
C1
1 2mþ
C2
r2
 
; ð46ÞwhereU0ðranÞ ¼ J0ðranÞY0ðanbÞ  J0ðanbÞY0ðranÞ;
and an are the roots of the following transcendental equationJ0ðrÞY0ðrb=aÞ  J0ðrb=aÞY0ðrÞ ¼ 0;
with J0(r) and Y0(r) being the Bessel functions of the ﬁrst and the second kind and zeroth-order. The constants C1 and C2in
Eqs. (45) and (46) are deﬁned asC1 ¼ ð1 2mÞað1þ mÞ1 m
1
b2  a2
Z b
a
hðr; sÞrdr;
C2 ¼ að1þ mÞ1 m
a2
b2  a2
Z b
a
hðr; sÞrdr:To test the accuracy of numerical computations we have considered this thermoelastic problem with Young‘s modulus
E = 7.1  1010N m2, Poisson ratio m = 0.387, thermal expansion coefﬁcient a = 0.88  105 K1 and diffusivity coefﬁcient
j ¼ k11qc ¼ 2:22 105m2=s. The relative numerical errors for the radial displacements and hoop stresses at both cylinder sur-
faces were less than 0.05% and 0.36%, respectively. The accuracy for the temperature results was better.
Now, we have considered the transversally isotropic piezoelectric material. In the stationary problem, the numerical re-
sults for temperature, radial displacements and hoop stresses are given in Figs. 13–15, respectively. One can observe a very
good agreement of the present MLPG and FEM (ANSYS code) results. The FEM results concerns only the thermo-elastic med-0
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Fig. 13. Variation of temperature in the hollow cylinder under a static thermal load on the outer radius.
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Fig. 14. Variation of the radial displacement in the hollow cylinder under a static thermal load on the outer radius.
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Fig. 15. Variation of hoop stresses on the inner radius of the hollow cylinder under a static thermal load on the outer radius.
J. Sladek et al. / International Journal of Solids and Structures 45 (2008) 4523–4542 4537ium with vanishing piezoelectric coefﬁcients eij = 0. In the FEM analysis we have used 25,600 quadratic (8-node) elements
(plane223).
Vanishing electric displacement boundary conditions are considered on both surfaces of the hollow cylinder and also on
both cut surfaces. The radial displacements are slightly reduced for considered piezoelectric material. The hoop stresses are
almost the same in both the considered materials.
In the transient problem, when the prescribed temperature on the outer surface of the hollow cylinder has a Heaviside
time variation, the temperature evolution at the mid radius is presented in Fig. 16. Recall that the temperature ﬁeld is
not inﬂuenced by the electric properties of the medium in the considered modelling. The shown numerical results are com-
pared with those obtained by the FEM (ANSYS) and the comparison with the exact solution has been discussed earlier. Unfor-
tunately, no numerical results obtained by the BEM are available for authors. A similar temporal variation for axial and hoop
stresses has been obtained too.
4.3. A penny-shaped crack in a ﬁnite cylinder
A penny-shaped crack in a ﬁnite cylinder as depicted in Fig. 17 is analyzed in the third example. The following geometry is
considered: crack radius a = 0.5, cylinder radius w = 1.25, and cylinder length L = 3.
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Fig. 16. Time variation of the temperature at the mid radius of the hollow cylinder under a thermal shock on the outer radius.
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Fig. 17. A penny-shaped crack in a ﬁnite piezoelectric cylinder.
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J. Sladek et al. / International Journal of Solids and Structures 45 (2008) 4523–4542 4539On the external surface a uniform temperature T = 1 deg is applied, while the temperature T = 0 deg is kept on the crack sur-
face. From the symmetry of the problem, the heat ﬂux is vanishing on the section B–C. Vanishing electrical displacements are
considered on the crack surfaces and on the external surfaces of the ﬁnite cylinder. For the case of homogeneous medium, the
material coefﬁcients are the sameas in thepreviousnumerical example.A regular nodedistributionwith930 (31  30)nodes is
used for the MLS approximation of the displacements and the electric potential in the analyzed domain ABCDE (see Fig. 17).
Fig. 18 shows a comparison of the numerical results for a cracked homogeneous cylinder by the MLPG method and the
FEM in the case of stationary thermal load. One can observe a very good agreement between results by both techniques. The
normalized stress intensity factor is,u
3 
(10
-
5 m
)
FifI ¼ KstatI =a33c33T
ﬃﬃﬃﬃﬃ
pa
p ¼ 0:386:
Now, we have considered also an exponential variation of the elastic, piezoelectric, dielectric and thermal expansion coef-
ﬁcients in radial direction is assumed, i.e.,cijðrÞ ¼ c0ij expðcrÞ;
eijðrÞ ¼ e0ij expðcrÞ;
hijðrÞ ¼ h0ij expðcrÞ;
aijðrÞ ¼ a0ij expðdrÞ:0
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4540 J. Sladek et al. / International Journal of Solids and Structures 45 (2008) 4523–4542The material coefﬁcients of the functionally graded piezoelectric material (FGPM) at the axis of symmetry r = 0 (denoted by
superscript 0) are the same as in the homogeneous case. For the gradation exponents, we have used the values c = 2 and
d =  1 in the numerical analysis. It corresponds to the case with growing ceramic fraction in the functionally graded piezo-
electric material with increasing the radial coordinate. A ceramic material has higher elastic coefﬁcients and lower thermal
expansion coefﬁcients than a metallic material. The numerical results for the crack-opening displacements and the electric
potential are given in Fig. 19a and b, respectively. The crack-opening displacements are signiﬁcantly reduced with respect to
the homogeneous material. It is due to higher elastic coefﬁcients and lower thermal expansion in the FGPM than in the
homogeneous material. The electrical potential on the crack surface is reduced too. The ratio of the stress intensity factors
is equal to fI ¼ KstatI ðFGPMÞ=KstatI ðhomÞ ¼ 0:704.
Finally, we have considered also a thermal shock with Heaviside time variation of the prescribed temperature on the
external surfaces of the ﬁnite cracked cylinder. Both homogeneous and functionally graded material properties are consid-
ered here.
Only a small enhancement of the stress intensity factor for a homogeneous cracked cylinder is observed in Fig. 20. Low
temperature at relatively short time instants in the crack tip region causes the increasing thermal stresses according Duh-
amel–Neumann constitutive law. Therefore, at short time instants the overcoming of the static SIF is observed. In function-
ally graded material the overshoot of the static SIF is signiﬁcantly higher. Despite the lower static value of the SIF in FGPM
cracked cylinder as compared with the homogeneous case, the pick value is about 30% higher than the SIF in the homoge-
neous cylinder. Therefore, the investigation of transient thermal problems for FGPM is more important than for homoge-
neous materials.
5. Conclusions
A meshless local Petrov-Galerkin method (MLPG) is presented for 3D axisymmetric problems in continuously non-homo-
geneous and linear piezoelectric solids under a mechanical and thermal load. The transient dynamic governing equations are
considered here. Two computational approaches based on the Laplace-transform and the time-difference technique are pre-
sented. The analyzed domain is divided into small overlapping circular sub-domains. A unit step function is used as the test
functions in the local weak form of the governing partial differential equations. The derived local boundary-domain integral
equations are non-singular. The moving least-squares (MLS) scheme is adopted for the approximation of the physical ﬁeld
quantities. The proposed method is a truly meshless method, which requires neither domain elements nor background cells
in either the interpolation or the integration.
The present method provides an alternative numerical tool to many existing computational methods like the FEM or the
BEM. The main advantage of the present method is its simplicity. Contrary to the conventional BEM, the present method re-
quires no fundamental solutions and all integrands in the present formulation are regular. Thus, no special numerical tech-
niques are required to evaluate the integrals. It should be noted here that the fundamental solutions are not available for
piezoelectric solids with continuously varying material properties in general cases. The present formulation possesses the
generality of the FEM. Therefore, the method is promising for numerical analysis of multi-ﬁeld problems like piezoelectric
or thermoelastic problems, which cannot be solved efﬁciently by the conventional BEM.
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